
Eigenvalues and Eigenvectors

Math 5250 — Week 4



Diagonalizability

Definition. A linear map L : V → V is diagonalizable if there is a
basis E for V such that [L]E

E
is a diagonal matrix. A matrix A is

diagonalizable if LA : F n → F n is diagonalizable.
A is diagonalizable if and only if it is similar to a diagonal matrix,
i.e. PAP→1 is diagonal for some invertible P.
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The characteristic polynomial

Definition. A nonzero vector x with Ax = ωx is an eigenvector for
A with eigenvalue ω; similarly for a linear map L.
A (resp. L) is diagonalizable if and only if there is a basis of
eigenvectors for A (resp. L).
Proposition. ω is an eigenvalue of A if and only if det(ωI ↑ A) = 0.
Any nonzero vector in the null space of ωI ↑ A is then an
eigenvector for A with eigenvalue ω.
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The characteristic polynomial (cont.)

Definition. The characteristic polynomial of A is
PA(x) = det(xI ↑ A) (similarly PL(x) for a linear map L).
Proposition. PA(x) is a monic polynomial in x of degree n.
A scalar ω is a root of PA(x) if and only if ω is an eigenvalue of A.
Definition. A field F is algebraically closed if every non-constant
polynomial over F has a root in F .
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The characteristic polynomial (cont.)

Proposition. If F is algebraically closed, then every linear
map/matrix over F has an eigenvalue (and an associated
eigenvector).
Proposition. The complex numbers are algebraically closed. (This
is the Fundamental Theorem of Algebra.)
Corollary. Every complex square matrix has an eigenvector.
Example. This is false for real matrices: the characteristic
polynomial of

A =
[

0 1
↑1 0

]

is x2 + 1, which has no real roots.



The characteristic polynomial (cont.)

Proposition. Not every matrix is diagonalizable.
Example. Let V = C

2 and

A =
[
1 1
0 1

]

.

The characteristic polynomial PA(x) = (x ↑ 1)2, so 1 is the only
eigenvalue. The eigenspace {x : Ax = x} is one-dimensional,

spanned by
[
1
0

]

, so A has no basis of eigenvectors.

Proposition. If L : V → V has n = dim V distinct eigenvalues,
then L is diagonalizable.
Corollary. If the characteristic polynomial PL(x) has n distinct
roots, then L is diagonalizable.
Remark. The converse is false: the identity matrix has
characteristic polynomial (x ↑ 1)n but is diagonal.
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The Cayley-Hamilton Theorem

For a polynomial P(x) ↓ F [x ], P(A) (resp. P(L)) makes sense as a
matrix (resp. linear map), and [P(L)]E

E
= P([L]E

E
) for any basis E .

Theorem (Cayley-Hamilton). Let PA(x) = det(xI ↑ A) be the
characteristic polynomial of A. Then PA(A) = 0.
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Proof of Cayley-Hamilton

Let X = xI ↑ A. Then

XX adj = det(X )I = PA(x)I.

Each entry of X adj is a determinant of an (n ↑ 1) ↔ (n ↑ 1)
submatrix of X , hence a polynomial in x of degree at most n ↑ 1, so

X adj = B0 + xB1 + · · · + xn→1Bn→1

for n ↔ n matrices Bi .
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Proof of Cayley-Hamilton (cont.)

Then

xIX adj = xB0 + · · ·+xnBn→1, AX adj = AB0 + · · ·+xn→1ABn→1.

Since XX adj = xIX adj ↑ AX adj ,

PA(x)I = ↑AB0+x(B0↑AB1)+· · ·+xn→1(Bn→2↑ABn→1)+xnBn→1.

Substituting x = A collapses the right side to a telescoping sum
that vanishes.
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Cayley-Hamilton and Invariant Subspaces

Proposition. If V is finite dimensional, L : V → V is linear, and
W ↗ V is an L-invariant subspace, then

PL(x) = PL|W (x) P
L
(x),

where PL|W (x) is the characteristic polynomial of L : W → W and
P

L
(x) is the characteristic polynomial of the induced map

L : V /W → V /W .
Definition. For a bounded complex V · of finite dimensional vector
spaces and a linear map L : V · → V ·, the characteristic polynomial
of the complex is

PL|V ·(x) =
∏

i

PL|V i (x)(→1)i

.

This can be computed from the cohomology of the complex:

PL|V ·(x) =
∏

i

P
L|Hi (V ·)(x)(→1)i

.


