
The class equation
Definition: Let G be a finite group acting on a finite set X . We
say x is a fixed point of G if Gx = G – in other words if gx = x for
all g œ G.

Proposition: If X is a finite set with an action by a finite group
G, we have

|X| = |XG| +
nÿ

i=1
|Gxi|

where XG is the set of fixed points of G and the xi are representatives
for the distinct orbits of G of length greater than one.

Proof:
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Example: Consider the subgroup of D4 consisting of a diagonal
reflection acting on the square.
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Corollary:
|G| = |Z(G)| +

nÿ

i=1
[G : C(xi)]

where Z(G) is the center of G and x1, . . . , xn are representatives for
the conjugacy classes having more than one element in G.

Proof:
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Example: Let G = D4.
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Corollary: The size of a conjugacy class is a divisor of the order of
the group.
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Corollary: A group whose order is a power of a prime has non-trivial
center.
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Corollary: A group of order p2 is abelian.
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