The Euclidean group

Definition: The Euclidean group E,(R) is the group of distance
preserving maps f : R" — R"™; that is, maps such that ||f(z) —

f@)l = ||z — y|| for all pairs of points z,y. Such a map is called an
isometry. RO~ e1® ~ Ix~gl>
Definition: Fix a vector a. The map T'(z) = x + a is an isometry
called a translation. N "
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Proposition: An isometry that carries the origin to the origin is

given by an orthogonal matrix. . N
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The Euclidean group consists of pairs (A, a) where A is an orthogonal

matrix and, if x € R", then S =a T x) = L) —a
(A, a)r = Az + a. %Cﬁ\i:: \g::z o.
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« The group of translations T' consisting of elements (1,a) in
E(n) is a normal subgroup isomorphic to R".
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« The quotient E(n)/T is O(n).
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The plane group
The group E(2) contains four basic types of elements:

« translations (
« rotations

« reflections (
« glide reflections

Definition: Two regions X, Y in R? are congruent if and only if
there is a g € F(2) such that gX =Y.
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Finite subgroups of the plane group

Proposition: The only finite subgroups of E(2) are isomorphic to
2., or D,, forn > 1.
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