
Orders of elements

Definition: Let G be a group and g œ G. Then the order of g is
the number of elements in ÈgÍ, assuming ÈgÍ is finite. If ÈgÍ is infinite
we say that the order of g is Œ.
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Key theorems about orders

Proposition: If G is cyclic of order n generated by a – or, equiv-
alently, if a has order n – then ak = e if and only if n divides
k.
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Proposition: Let G be a cyclic group of order n and let a be
a generator of G. If b = ak, then the order of b is n/d where
d = gcd(k, n).
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Corollary: A congruence class [r] generates Zn if and only if
gcd(r, n) = 1. More generally, if G is a cyclic group of order n
generated by g, then gr is a generator of G if and only if gcd(r, n) = 1.
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