
Basics
Prototypical examples of cyclic groups

1. The integers are a group with + as the operation. The integers
can be made by starting with 0 and 1 and considering all of the
sums

1, 1 + 1, 1 + 1 + 1, . . .

together with

≠1, ≠1 ≠ 1, ≠1 ≠ 1 ≠ 1, . . .

We say that 1 generates the integers.
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2. Let G = Zn for some n > 1. G can be made by starting with
0 and 1 and then considering the sums 1, 1 + 1, . . ..
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Fundamental definitions
Definition: Let G be a group and let g œ G be an element. Define:

ÈgÍ = {gn : n œ Z}.

ÈgÍ is called the cyclic subgroup of G generated by G.

Note: if we are writing the group operation using +, then

ÈgÍ = {ng : n œ Z}.

Definition: If there is an element g œ G so that G = ÈgÍ, then we
say that G is a cyclic group and that g generates G.
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Examples
The earlier examples Z and ZN are cyclic groups.

If n œ Z, then ÈnÍ is the cyclic subgroup of Z consisting of multiples
of n.

If r is the rotation of the equilateral triangle, then ÈrÍ is the cyclic
subgroup of symmetries of the triangle consisting of 3 rotations.
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More examples
If s is a reflection of the equilateral triangle then ÈsÍ is the two element
cyclic subgroup consisting of 1 and ÈsÍ.

U(7) is cyclic and generated by 3.
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Cyclic groups may have more than one gener-
ator.
A look at Z12.
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