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Binary Logistic Regression: Setup

Log-Likelihood

L = Y T log(ω(XW )) + (1→ Y )T log(1→ ω(XW ))

Dimensions:

↭ X is N ↑ K (data matrix)

↭ W is K ↑ 1 (weight vector)

↭ Y is N ↑ 1 (labels: 0s and 1s)
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The Sigmoid Function

ω(x) =
1

1 + e→x

Its derivative:

d

dx
ω(x) = → 1

(1 + e→x)2
· (→e→x)

=

(
e→x

1 + e→x

)(
1

1 + e→x

)

= ω(x)
(
1→ ω(x)

)



Component Form of ω(XW )

ω(XW ) is an N-vector whose i-th entry is

ω(XW )i = ω




K∑

j=1

xij wj



 .

Therefore the first term in L expands as

Y T log ω(XW ) =
N∑

i=1

yi log ω




K∑

j=1

xij wj



 .
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Gradient: Di!erentiating the First Term

Applying the chain rule to
ε

εws
:

ε

εws

N∑

i=1

yi log ω
(∑K

j=1 xijwj

)

=
N∑

i=1

yi ·
1

ω(
∑K

j=1 xijwj)
· ω(

K∑

j=1

xijwj)
(
1→ ω(

K∑

j=1

xijwj)
)
· xis

=
N∑

i=1

yi
(
1→ ω

(∑K
j=1 xijwj

))
xis



Gradient: Di!erentiating the Second Term

ε

εws
(1→ Y )T log

(
1→ ω(XW )

)

=
ε

εws

N∑

i=1

(1→ yi ) log
(
1→ ω

(∑K
j=1 xijwj

))

=
N∑

i=1

(1→ yi ) ·
→ω(

∑K
j=1 xijwj)

(
1→ ω(

∑K
j=1 xijwj)

)

1→ ω(
∑K

j=1 xijwj)
· xis

= →
N∑

i=1

(1→ yi )ω
(∑K

j=1 xijwj

)
xis



Combining Both Terms

εL

εws
=

N∑

i=1

yi
(
1→ ω(XW )i

)
xis →

N∑

i=1

(1→ yi )ω(XW )i xis

=
N∑

i=1

yi xis →
N∑

i=1

yi ω(XW )i xis

→
N∑

i=1

ω(XW )i xis +
N∑

i=1

yi ω(XW )i xis

=
N∑

i=1

yi xis →
N∑

i=1

ω(XW )i xis
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Matrix Form: Binary Case

Collecting all components s = 1, . . . ,K gives

↓W L = XTY → XTP = XT (Y → P)

where P = ω(XW ) is the N ↑ 1 vector of predicted probabilities.

Dimension check: XT is K ↑ N, Y → P is N ↑ 1, so ↓W L is
K ↑ 1. ↫

I
XT Y xu
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Multiclass Classification: Setup

Log-Likelihood

L = tr
(
Y T log ω(XW )

)

where ω is now the softmax function (applied row-by-row), and
tr(·) denotes the sum of diagonal entries.

Dimensions:

↭ X is N ↑ K (data matrix)

↭ W is K ↑ r (weight matrix)

↭ Y is N ↑ r (one-hot encoding)

↭ XW is N ↑ r , ω(XW ) is N ↑ r
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Softmax Function

For a vector z = (z1, . . . , zr ), set F =
∑r

t=1 e
zt . Then

ω(z)k =
ezk

F
.

Applied row-by-row to XW , the (i , t) entry of ω(XW ) is

ω(XW )it =
ezit

Fi
, zit =

K∑

s=1

xis wst , Fi =
r∑

t→=1

ezit→ .



Expanding the Log-Likelihood

Using tr(Y TM) =
∑N

i=1

∑r
t=1 yitmit :

L =
N∑

i=1

r∑

t=1

yit log ω(XW )it .

Key simplification. Since ω(XW )it = ezit/Fi :

log ω(XW )it = log ezit → log Fi = zit → log Fi .

Therefore

L =
N∑

i=1

r∑

t=1

yit zit→
N∑

i=1

(
r∑

t=1

yit

)
log Fi =

N∑

i=1

r∑

t=1

yit zit→
N∑

i=1

log Fi ,

where the last step uses
∑r

t=1 yit = 1 (one-hot).

log



Computing εL/εwpq
We want the (p, q) entry of the K ↑ r gradient matrix.

εL

εwpq
=

N∑

i=1

r∑

t=1

yit
ε

εwpq

(
zit → log Fi

)
.

The two derivatives:

↭ Since zit =
∑K

s=1 xiswst :
εzit
εwpq

=

{
xip t = q

0 t ↔= q

↭ ε log Fi
εwpq

=
eziq xip
Fi

= ω(XW )iq · xip

Define the Kronecker delta ϑtq =

{
1 t = q

0 t ↔= q
. Then:

ε log ω(XW )it
εwpq

= xip(ϑtq → ω(XW )iq) .
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Summing Over Classes: The t = q and t ↔= q Cases

εL

εwpq
=

N∑

i=1

r∑

t=1

yit xip(ϑtq → ω(XW )iq)

=
N∑

i=1

xip

(
r∑

t=1

yitϑtq

)

  
= yiq

→
N∑

i=1

xip ω(XW )iq

(
r∑

t=1

yit

)

  
= 1

=
N∑

i=1

xip(yiq → ω(XW )iq) =
(
XT (Y → P)

)
pq

where we used the one-hot property:
∑r

t=1 yitϑtq = yiq and∑r
t=1 yit = 1.

KXN Nxr Nxr

Kyu



Matrix Form: Multiclass Case

Collecting all entries (p, q):

↓W L = XT (Y → P)

where P = ω(XW ) is the N ↑ r matrix of softmax probabilities.

The gradient has exactly the same form as in the binary case:

ω W

Binary sigmoid K ↑ 1

Multiclass softmax K ↑ r

In both cases: ↓W L = XT (Y → P).


