Gradient Descent

Consider a function E : R" — R, w = (wy, wa, ..., W) — E(w). The
gradient VE of E is defined by

0E OE 0E
E = .
v <8W1 Towy’ ’aw,,)

Proposition

E(w): differentiable in a nbhd of w
The function E(w) decreases fastest in the direction of —V E(w).
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Proof: For a unit vector u, the directional derivative Dy E is given by

i E(wy + tu) — E(wy)

t—0 t

DyE = = g/(0),

where g(t) = E(wy + tu). Let w = wy + tu. Using the chain rule,

Furthermore,
DyE =VE -u=|VE]| |u|cosf = |VE]|cosb,

where @ is the angle between VE and u. The minimum value of DyE
occurs when cos @ is —1. O
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@ Choose an initial point wy.

@ Set

Wi 1 = Wi — 1k VE(w) |

where 7y is the step size or learning rate.
Usually, for some n > 0, we set n, = n for all k.

@ From Proposition, we have

E(Wi) > E(Wier1).
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@ Under some moderate conditions,
E(wy) — local minimum as k — oc.

In particular, this is true when E is convex or when VE is Lipschitz
continuous.

@ W, = limy_o Wk
We use wy for a sufficiently large k as an approximation of w..
This method is called gradient descent.
Caveat: Making a right choice of 7 is crucial.
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Example

o Consider E(w) = E(wy, wo) = Wi + wi — 16wy wy.
Then VE(w) = [4w? — 16w, 4w — 16w;].
Choose wyp = (1,1) and n = 0.01.
wso = (1.99995558586289, 1.99995558586289)
E(wsp) = —31.9999999368777

@ We see that wy — (2,2) and E(2,2) = —32.

@ Indeed, when w = (2, 2), a local minimum of E(w) is —32.
Exercise: Find all the local minima of E(w).

February 4, 2021 5/7



K wil w2 E(wLw2)

1| 1.12000000000000]  1.12000000000000] -16.9233612800000
2 | 1.24300288000000]  1.24300288000000] -19.9465014818317]
3| 1.86506297054983| 1.36506207054083| -22.8698545020842
4 | 1.48172688079195|  1.48172688079195| -25.4876645161458
5| 1.58867706472624] 1.58867706472624] -27.6422269714610)
6 | 1.68247924276483] 1.68247924276483| -29.2656452783487
7| 1.76116971206054] 1.76116971206054] -30.3861816086105
8 | 1.62445074094736] 1.82445074094736| -31.0984991504577
0 | 1.8/344669354831]  1.87344669354831] -31.5104128485807]
10| 1.91018104795404] 1.91018104795404] -31.753305370060§
11| 1.93701591038872|  1.93701591038872| -31.877022390125(
12|  1.95622873443784]  1.05622873443784] -31.9400248989010)
13| 1.96977907222858|  1.06977907222858] -31.0712142030755
14| 1.97923168007769|  1.97923168007769| -31.9863406140263
15| 1.98577438322011] 1.085/7438322011] -31.9935701975589
16| 1.99027812738060]  1.99027812738069] -31.0969902100773
17| 1.99336647981957|  1.99336647981957| -31.9985965516271]
18| 1.99547865709166]  1.09547865709166] -31.0993473166738
19| 1.99692058430943|  1.09602058430943] -31.0996970174121]
20| 1.99790372262623|  1.99790372262623| -31.9998595272283
21| 1.99857347710339] 1.09857347710339] -31.9999349274762
22| 1.99902947615421] 1.09902947615421] -31.0999693732955
23|  1.99933981776146|  1.99933981776146] -31.9999860577045
24| 1.99955097148756]  1.09955097148756] -31.9999935493971]
75| 1.00060461222478|  1.09060461222478| -31.0999970160815
26| 1.99979231393118|  1.99979231393118| -31.9999986198712
27| 1.99985876312152] 1.99985676312152| -31.9999993617137
28| 1.99990395413526]  1.09990395413526] -31.0999997048203
29| 1.99993468659806]  1.09993468659806] -31.0999993634976
30| 1.99995558586280|  1.99995558586289) -31.9999999368777
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Q: Can we do linear regression using gradient descent?

E=|Y—-XM|?  VE=-2XT(Y—-XM)
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eX
e+1 1+e
@ In logistic regression we will minimize the following error function

@ Define o(x) = - Itis called a sigmoid function.

N
E(w) == {talnys+ (1 —t)In(1 = yn)},
n=1
where we write w = (wy, Wa, ..., Wk, 1) and

Yn = 0(W1Xnt + WaXp2 + - - - + WiXpk + Wki1).

@ Compute the gradient VE(w).
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@ Crucial identity:

Thus it is a solution to
ay
ax y(1-y),

which is called a logistic equation.

(Iny) = ;,y’=1 -y
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N
E(w)=—> {talnys+(1—ta)In(1 = yn)},

n=1
Yn = 0(W1Xn1 + WaXnz + - - + WiXpk + Wkp1)-
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@ We have

N
OE
S = 2 Wn— ta)Xp |
]

n=1

@ Assume VE = 0.
When j = k41, we have xj, x4 = 1 for all n, and

N N 1

Z}/n B ; 1+ exp(— (W1 Xn1 + WoXpp + - - - + WXk + Wiy1))

n=1
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