Key Properties of Homomorphisms

Proposition: (Proposition 11.4 of the text) Let ¢ : G; — G2 be a
homomorphism. Then:

» If e is the identity of Gy, ¢(e1) is the identity of Gy.
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. If g1 is an element of GGy, then gb(gl 1) is the inverse ¢(g1)~! of
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« If H; is a subgroup of G, then the image ¢(H1) is a subgroup
of GQ.
G A S

u

o Q(H,) €
G | gemgt C”"““H}

3
T a SU\DW\M\Q

e, =9 € QH)

i X,\le th‘r\\\
X: X(\'\\\\ g/\ C ve_ L\\’L\,_ & E,
(e

! = gtn Q' = @R\ U )
il Cg C‘n\(":zt
W € Ry

< 5(\-8)\ € (g(\i\\



e« If Hyis a s
ubgroup of G
subgroup of G e the pe
: preimage ¢ '(Hy) i
SD o) is a

G —
“3\\ Ge,
g (%) He

CAREARCUIE S



o If Hy is a normal subgroup of G, then the preimage ¢~ 1(Ho)

is a normal subgroup of G1. M, s wownol weans <
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Kernels

Definition: The kernel of a homomorphism ¢ : G — H is the
preimage of the identity of H:

Ker(¢) = ¢~ ({en}). -MC@\ ’@*HK.

Examples

The kernel of the map S,, — Zs given by ¢(c) = 0 if ¢ is even and
¢(o) = 1if o is odd is the alternating group A
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« The kernel of the determinant GLy(R) — R
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The kernel of the map ¢ : Z — G given by ¢(n) = g" is either {0},
if g has infinite order, or the subgroup kZ where k is the order of g
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The kernel of the map cis : R — T are the integer multiples of 27 in
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Proposition: (Theorem 11.5 of the text) The kernel of a homomor-
phism ¢ : G — H is a normal subgroup of G.

« SLy(R) is normal in GLy(R).

« A, is normal in .S,,.

. /Erﬂery subgroup of an abelian group is normal.
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