
Key Properties of Homomorphisms

Proposition: (Proposition 11.4 of the text) Let „ : G1 æ G2 be a
homomorphism. Then:

• If e1 is the identity of G1, „(e1) is the identity of G2.
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• If g1 is an element of G1, then „(g≠1
1 ) is the inverse „(g1)≠1 of

„(g1).
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• If H1 is a subgroup of G1, then the image „(H1) is a subgroup
of G2.
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• If H2 is a subgroup of G2, then the preimage „
≠1(H2) is a

subgroup of G1.
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• If H2 is a normal subgroup of G2, then the preimage „
≠1(H2)

is a normal subgroup of G1.

5

He is normal means

gig
He MadgeG

Must show

g g Helgi g He
Choose XE g th

for all g e Ggcxtt.aeHe

gcg.xg.it o g gcg.lgcxiggcg.i
k

gig g EG
gags e He

9cg gi

gig xg
e th gxgi

e g th

so g Hel is Normal



Kernels

Definition: The kernel of a homomorphism „ : G æ H is the
preimage of the identity of H :

Ker(„) = „
≠1({eH}).

Examples

The kernel of the map Sn æ Z2 given by „(‡) = 0 if ‡ is even and
„(‡) = 1 if ‡ is odd is the alternating group An.

• The kernel of the determinant GL2(R) æ R◊ is SL2(R).
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The kernel of the map „ : Z æ G given by „(n) = g
n is either {0},

if g has infinite order, or the subgroup kZ where k is the order of g

in G.
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The kernel of the map cis : R æ T are the integer multiples of 2fi in
R.
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Proposition: (Theorem 11.5 of the text) The kernel of a homomor-
phism „ : G æ H is a normal subgroup of G.

• SL2(R) is normal in GL2(R).
• An is normal in Sn.
• Every subgroup of an abelian group is normal.
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