
Normal Subgroups: Definition and Examples
Definition: A subgroup H of a group G is normal if the left cosets
and right cosets of H are the same. That is, H is normal if, for all
g œ G, gH = Hg.

Proposition: A subgroup H is normal if and only if

gHg
≠1 = {ghg

≠1 : h œ H} = H

for every g œ G.
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Basic Examples

• Every subgroup of an abelian group is normal

• the subgroup of rotations of an n-gon is normal in the dihedral
group Dn.

Basic non-Example

• The subgroup of S3 generated by the transposition (12) is not
normal.
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More Examples

• The group SL2(R) of 2 ◊ 2 matrices with real entries and
determinant one is normal in GL2(R).

• The subgroup An of even permutations is normal in the sym-
metric group Sn.
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More Examples

• The subgroup {≠1, 1} is normal in the quaternion group Q =
{±1, ±i, ±j, ±k}.

• If G is a group, the center Z(G) is normal in G.

4

2 8

2 52 15 1

Y k jk i ki j ij ji

H 1,13 If

gag H

i y't E i i si i i

j 1,13 5,53 si j
k I I ji K

G a group

Z a is always normal in G

2 G e Zi Jia

foraySEG
gZCG 9,921 93 g Zig zag

left andright
coset arete Z a g

Same so 2 G
is normal



Non-examples

• The subgroup of Dn generated by a reflection s is not a normal
subgroup.

• The subgroup of Sn generated by a cycle is not a normal
subgroup.
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• The subgroup H of GL2(R) consisting of matrices of the form:

H = {
Q

ca
1 x

0 1

R

db : x œ R}

is not normal.
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