Roots of Unity

Polar and rectangular form of complex numbers

Brief review of polar and rectangular form of complex numbers.
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The circle group
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Fix an integer n > 0. For any integer k, let z(k) = cis(

——

Proposition: The z(k) have the following properties:
(k)20) = 2(k + 7).

e z(k)™ = z(km).

z(k)

only if i = j (mod n).

= 1 if and only if n|k. More generally z(7) = z(j) if and
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Proposition: For any integer n > 0, the distinct complex solutions
to the polynomial equation z” = 1 are the complex numbers z(z) for

i =0,...,n — 1. These solutions form a cyclic group of order n that

we will call p,,.

Proof: From the preceeding proposition, we know that the z(7)
are distinct for ¢ = 0,...,n — 1 and satisfy 2(i)" = 1. Further,
z(1) = 2(1)" so z(1) is a generator for .
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Proposition: z(i) is a generator of pu, if and only if ged(i, n) = 1.
These generators are called primitive roots of unity:.
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Example

Suppose n = 12.




