
The integers modulo N
Definition: Fix an integer N > 0. We say that two integers a and
b are congruent modulo N , written

a © b (mod N)

if a ≠ b is a multiple of N .

Proposition: Congruence is an equivalence relation.
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Congruence classes
Fix an integer N . We know from the division algorithm that every
integer a can be divided by N to yield a unique quotient q and
remainder r that satisfy

a = qN + r

where 0 Æ r < N.

Since a ≠ r = qN , we know that

a © r (mod N).
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Congruence classes continued
Therefore every integer a is congruent to exactly one integer r that
satisfies 0 Æ r < N .

The congruence relation partitions the integers into N equivalence
classes. We let

[a] = {x œ Z : x © a (mod N)}
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Congruence Arithmetic
We can do arithmetic on congruence classes.

Definition: Fix N > 0. We define the sum of congruence classes
[a] and [b] by

[a] + [b] = [a + b].

This is well-defined.
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Some special cases
A look at N = 2, N = 3, and N = 4.
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