
 



Set equality
The assertion that two sets A and B are equal is equivalent to
saying that

x œ A … x œ B.

In other words, x is in A if and only if x is in B. Now
(x œ A) … (x œ B) is the same as

[(x œ A) =∆ (x œ B)] AND [(x œ B) =∆ (x œ A)]

and this is just A ™ B and B ™ A.

So we prove two sets are equal by proving BOTH A ™ B and B ™ A.
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Euclid’s algorithm
Here’s what we proved in the discussion in Chapter 7.

Proposition: Let d = gcd(a, b) and let m be any integer. Then
there exist k and l such that m = ak + bl if and only if d |m.

Set version:

Proposition: Let a and b be natural numbers, and let
d = gcd(a, b). Define sets A = {dn : n œ Z} and
B = {ax + by : x , y œ Z}. Then A = B.

Here:
I A ™ B means that every multiple of d can be written in the

form ax + by .
I B ™ A means that every number of the form ax + by is a

multiple of d .
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More examples
Proposition: Let a and b be prime numbers. Let A = {da : d œ Z}
and B = {db : d œ Z}. Then A fl B = {dab : d œ Z}.

Gb are prime
A da D c I B db dez

A 3 10 5 us AAB abd de2

A _SE G 3,0 3,6
B IS 10 S O S 10 a

AMB dab idea
SHAY BE dab deaf If XEAand

B then X e dab D.CZ

XEA means x da Xt Be Deb Both a bappear

on prime factors ofX
Therefore ab is a divisorofX

So abe x abd which
means AnBE dab D



More examples
Proposition: If A, B, and C are sets then
A ◊ (B fl C) = (A ◊ B) fl (A ◊ C). (this is problem 17 on page 171)

Proof First we show AxCBrc E ATB r Axe

in other words we show AxcBnc EAXB and 1 XC

Let asx c Ax Bnc

so a CA and Xe BAC
Therefore XEB and XC
so came AXB

and la X7eAXC
This shows

AxcBnc
C CARB hCAxC

Now we show A xB nAxC E A XCBAC

let a x E faxB NCAC

so Ca X c A XB so XEB

and ca XI c AXC so X E C

Therefore X C BAC and ca X EAxlBnc

This shows
B Attic EAXCBrc



More examples
Proposition: Prove that {12a + 4b : a, b œ Z} = {4c : c œ Z}.

rat Yb a be 2 4o ee 2

12atyb Abc 2 E 4C c c 2

if y l2at4b then ya 4C for
some CEE

y 129 4b 4 3 at b so let c atb

and we see y 4c

So Katy b ab C 2 E 4C c c I

4C E 12 at 4 b a b EE

if 4C then x 129 4 b for a b c Z

Set a o b C x Yc

4dg E 12 att b so sets are equal



More examples
Proposition: Let A = {(x , y) œ R2 : y = x2}. Let B be the set of
real numbers z such that there exists x œ R such that (x , z) œ A.
Then B = {z œ R : z Ø 0}.

A Cx c422 y
2 EIwey xz

Be Z F xc.IR with ix HEA

B Z EIR 2 20

Is 3 EB is there an CHER so that CX3 EA

X 3 c A means 3 112 Answer yes 3 c B became

CF B c A

IS I c B
is there an XEIR so that CX

a EA

A
No be cave I XL has no solutions

B 2 EIR I 2 x2 has a solution in IR

B E 2 EIR 2 Ko if 2 co then Z E B true

became X2 Z has no solution

AZERI TERI 2 3ofEB if z o Hen XE t has a
solution u IR which is true



dab de2 E AAB

X dab fasoned X EA and xeB

If dab for some d then d a and x dzb

But X Cdb a and X da b

so did b and dz da we show

that x c AAB
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