
If and only if
 



If and only if statements
A theorem that asserts that two statements P and Q are equivalent
requires you to prove both P =∆ Q and Q =∆ P.

P Q is equivalent to

P Q and Q P



Chapter 7 exercise 3.
Proposition: If a is an integer, then a is even if and only if
a3 + a2 + a is even.
There are two claims:
a even implies a3 + a2 + a is even.
a3 + a2 + a is even implies a is even.
Each requires proof.



Proof: First we show that, if a is even, then a3 + a2 + a is even.

if A is even then a _2K for some integer k

Therefore a3tq2ta 2K 2K 4 2K

8143 4K2 2K 2C4k3t2k2tk

since we see that tata 2M where

m 4k't2k41g
we conclude that a3 a2ta is even



Now we show that, if a3 + a2 + a is even, then a is even.

astatta even a even

is the same as

a odd a'ta ta odd

A odd means a 2kt forsome KEI

a3ta2ta 2kt'Ptakti takti

asta't a is a sum of 3 oddnumbers

aka is even sum of 2

asta ta is odd odd even

Conclude that a3ta2ta is odd

We'veshown a3tata is even a ie even



Chapter 7, exercise 9.
Proposition: Suppose that a is an integer. Then 14|a if and only if
7|a and 2|a.



Proof: First we suppose that 14|a and show that both 7 and 2
divide a.

Suppose 14 9 Then a 14k fasone ke 2
Therefore a 2K

So 71A
and a 217k

so a is a multipleof 2



Now we show that, if both 7 and 2 divide a, then 14 divides a.

Side remark suppose 6 and 4 divide a Does 241A
No consider 12 6 12 and 4 12 but 24112

we know by uniquefactorization
into primes that

a is a product of prime numbers
and the list

of such primes is
determined by a Also

2 and 7 are prime numbers
Since 2 9 2must

be one of the primes dividing a SmeHa
7 must

be one of those primes
So the primefactory hen

of a 2.7 possiblyother primes

Therefore 14 a



Equivalence

Figure 1: Theorem from page 149
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Cycle proofs
If each step in the circle of implications:

P1 =∆ P2 =∆ P3 =∆ · · · =∆ Pn =∆ P1

is true, then all of the statements are equivalent – that is, all true or
all false together.

P Pa Pa B p Py Pn P

Suppose P is true R Pz true means R true

P the so B true Pn is true thereforeP
is true

If P is false Pn Pi's the sopn is false

pm is false all statements are false


