
Proof by contradiction
 

Proposition Mydog is not an elephant

Proof Suppose my dog is an elephant

Elephants have
trunks somydog

Mydog
does not has a trunk

have a trunk

This is a contradiction

So mydog is
not an elephant



Proposition: The square root of 2 is not a rational number.
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Therefore at 25 0

If T2 is rational then al 252 0 has

a solution where a b c Z and b 40



Lemma: If a2 is even, then a is even.
Proof: We will prove the contrapositive, which says that if a is odd,
then a2 is odd. Suppose a is odd. Then a = 2k + 1 for some k.
Therefore a2 = (2k + 1)2 = 4k2 + 4k + 1 is odd.
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Suppose a is odd

a odd at odd

a even a'even



Proof of Proposition: Suppose that
Ô

2 is a rational number.
Then we can find positive integers a and b with b ”= 0 so that

2 = (a
b )2. aybe

We can choose a b NI BOTH Even We can put
A b

in lowest terms Either a orb is odd

a2 2b2
So ale is even

Lema tellsus a is even

So b is 000

on the other hand a _2M for some M E Z
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Proof of Proposition: Suppose that
Ô

2 is a rational number.
Then we can find positive integers a and b with b ”= 0 so that

a2 ≠ 2b2 = 0.

a bae both positive Cnot zero

Among all solutions
choose Caobo where Ceo is

as small as possible

af 2bf so af is even

Lerma ao is even

2 Ao 2M for some M
C Z

4hr2 2bo M Lao

2 m
both bot is even so bo is

2 m2 4h2
even bo 2h

m2 2h2
M U solves a 262
M L Go

Therefore we have acontradictor so fr is Not rational



Logical Structure of proof by contradiction
I A contradiction is a statement of the form (C and ≥ C) which

is always false.
I The strategy of proof by contradiction is that if A =∆ B is

true, and B is false, then A is false.
Proposition: P =∆ Q.
I Assume P is true.
I Assume (P and ≥ Q) is true and

P and ≥ Q =∆ C and ≥ C

for some statement C .
I If (P and ≥ Q) implies (C and ≥ C) is a true implication

yielding a false conclusion, then the hypothesis must be false.
I Therefore (P and ≥ Q) is false.
I If (P and ≥ Q) is false, and P is true then ≥ Q is false
I Q is true.

Tz is irrational

If a bare integers and
ah 215 0 then a b o

a b C74 a 45 0
NotBOTHA B oneZero

B is even
B is odd

a b o


